Introduction

If (M, u) is a closed (8k +3)-dimensional
Spin manifold which bounds a Spin manifold W, its Rohlin invariant is defined as R(M, w) = sign W(mod 16) E Z/16.
In the last years different aspects of this invariant were studied by various authors (e.g. [13, 9, 6, 71) . It seems to contain rather delicate information and has relations to number theory (theta multipliers [6, 7] and Dedekind sums [S] ) as well as to physics (global anomalies) [ 161. Choose a Riemannian metric on M. Lee and Miller [9] showed that for each k there exists a linear combination D of Dirac operators with coefficients in appropriate vector bundles such that: Here Hirz is the signature operator, n is the spectral asymmetry [l] and h is the dimension of harmonic spinors (with coefficients in the coefficient vector bundle). By formula (A) such an invariant exists and is unique mod 16. Our proof of Theorem 3.1 is rather indirect. It is based on the computation of the bordism group AiEF2 of (8k + 2)-dimensional Spin diffeomorphisms (cf. [5] ). A Spin diffeomorphism is a quadrupel To derive from this Theorem 3.1, we further need the fact that we can choose the identification in Theorem 2.l(ii) such that the restriction of S -+ (mod 16) to W_(Z, Z) is trivial (cf. the formulation of Theorem 2.1 in Section 2). As the first two summands are Z,-vector spaces, 16S(Mf, wh) -16+(M,f) = 0 (mod 16). This implies Theorem 3.1 because by (B) every (8k + 3)-dimensional Spin manifold is bordant to a mapping torus. (Note that (M, w) H S(M, w) E [w/Z is a bordism invariant.)
In the following we denote S(M,, ah) by S(M, w,f; h) and, if defined, R(M,, wh) by R(M, w,f; h). According to Witten's formula [16] , for dim M = 10 this invariant reduced mod 8 is equivalent to the global anomaly of the N = 2 supergravity theory.
We first want to describe the dependence of these invariants on h. 
If R(M, w,f, h) is de$ned, then so is R(M, w,J; h'), and the same formula holds.
Next we want to give a product formula for S (respectively R). For this we fix a connected (8k+2)-dimensionai Spin manifold (M, w). Let (f, h,) and (g, hg) be the Spin diffeomorphisms.
Then we define the product (g of, hgOhj) essentially as the juxtaposition of the homotopies, using h, (l, x) . h,Uh, is a homotopy from o to w 0 g 0J: To formulate the product formula we need the following notation. Let (V, s) be a skew-symmetric nonsingular form over Q, a subkernel of (V, s) is a subspace K c V with K = K '. For any isometry f we define an invariant pK (f ), depending on ( V, s), K and f (cf. Definition 1.4). In particular we can consider ( V, s)O ( V, -s) and the direct sum of two isometries f and g. Then the diagonal A c VQ V is a subkernel. We were stimulated to consider these questions by a preprint by Lee, Miller and Weintraub [6] and by discussions with Lee and Weintraub and want to thank them for their willingness to share their thoughts with us.
Basic set-up and definitions
Let M be a smooth manifold of dimension n. Then M admits a Spin structure if the Gauss map of the stable normal bundle M * BO can be lifted to BSpin to make the following diagram commutative By theorems of Rohlin and Oshanine [12] , this is well defined (cf. [5, 7] ). It is well known that this invariant is easily calculated mod 2: Remark. According to the choice of the Z-action, different versions of the mapping torus are possible and are in fact used (cf. [7, 5] ). We chose this definition to make M, equal to Iw X, M with the standard definitions of groups acting on a space. For the rest of this paper M will be a manifold of dimension m = 8k + 2. We now have to introduce two invariants connecting geometry and algebra. 
is an isometry:
Calculation of the Spin hordism group of diffeomorphisms in dimension 8k + 2
One can define bordism groups for Spin diffeomorphisms
Here s is the (-l)"-symmetric intersection pairing and f is short for the induced map H,, (f ). We then have the exact sequence [5, Theorem 9.91 with K v Z/ 16 an injection for k > 0.
Theorem 2.1. K L, Z/ 16 is surjective for every k 2 0 and the sequence splits for k > 0. 'Ihe splitting can be chosen in such a way that it agrees with R -@ on ker( A ;I?2 + nifT3) and vanishes on the summand corresponding to W_(Z, Z).
We prove Theorem 2.1 in three steps: first the surjectivity of the map K 9 Z/16, then we split off a summand of Ai,Pyz corresponding to W-(Z; Z) and finally split the remaining sequence.
The surjectivity of K L* 2116
We recall the definition of the map first. The Rohlin invariant is not a bordism invariant, so we use the invariant cp to make R -(p a bordism invariant where "-" We first show that R -9 is surjective for k = 0, and then use the product with an appropriate manifold to show surjectivity for arbitrary k. 
Claim 1. R(a) = O(mod 2).
Proof. R(a)=dimz,,T1(M,)OZ/2(mod2)
by Lemma 1.2. The homology of the second summand does not have any torsion, and since the map induced by f-id on H,(T2) has torsion free cokernel, the Wang sequence associated to T: shows that there is no torsion in H,( T;) either. With the corollary and the fact that fl,"P?~@ aspi" . 8k+3 IS a finitely generated Z/2-vector space, it remains to be shown that 2 Yj( 1). Equivalently, we define a homomorphism l? : a^f$T2 + Z/2 such that the composition l? 0 j is nontrivial. Here Hirz is the signature operator, 77 is the spectral asymmetry [l] and h is the dimension of harmonic spinors (with coefficients in the coefficient vector bundle).
Note that the right-hand side is also defined if (N, V) does not bound, but takes values in R/l6Z. 
Theorem 3.1. Let (Nske3, v) )--, S( N, v) E [w/16Z be an additive invariant that agrees with sign( W)(mod 16) if (N, v) =a( W, p). Then S(N, v) takes values in Z/16Z.
Proof. Since R -@ is defined and vanishes
Addition formula for Rohlin variants
In this section we fix a Spin manifold (M, w) and consider diffeomorphisms (f, h,) and (g, hg) of (M, 0). We define the composition of Spin diffeomorphisms as 2 inherits a Spin structure v = Y' x v" from the ambient R2, so we obtain a Spin structure v x w on Z x M. To complete the desired bordism, we glue two copies of I x I x M into the gaps of 2 x M (see Fig. 2 ): We use this in a rather special situation.
Let V be a finite-dimensional vector space with an E-symmetric bilinear form p.
Consider ( V2, b) := (V, p)O( V, -p).
A subkernel K of (V, CL) yields a subkernel K 0 K of ( V2, ii), and for an isometry h of (V, p) denote by Ah := {(x, hx) 1 x E V} the graph of h. Then Ah is a subkernel. Now let f and g be two isometries and K a subkernel of (V, p) with g(K) = K.
We will calculate sign( V2; Af, A,, K 0 K).
In this situation, B=Afn(A,+KOK)={(x,fx)13x'~ V: X+X'E K, fx+gx'E Kl and w((x,fx), (Y,_&)) = fi((x,fx),
(y',fy')) with Y' as above.
Claim 1. B + (f-g)-'K, (x,fx)~-+x is an isomorphism.
Claim 2. w((x,fx), (xfy)) = p.((f-g)x, ml =: 4x, Y).
This leads to the following result: Proof. This follows from the cocycle formula in Lemma 4.1(b) and Proposition
0
After the description of the algebra, we have to identify this with the geometry of our bordism. We use the Wall nonadditivity Proof. ,lfiLid vanishes identically 
(iii) With this, we see that the matrix of figlLg over U is of the form with A a dim Vx dim V, matrix. A standard argument shows that sign( U, lijgiig) vanishes. Section 81 proves a formula for cpd(g oflLf) in terms of Dedekind sums.
The effect of different homotopies
Let now (M, u) be a fixed connected Spin manifold, f a Spin diffeomorphism. 
Examples
The first example shows that the condition that Hdk+r( M, Z) is torsion free is essential in the formula given for the Rohlin invariant mod 8 by Lee, Miller and Weintraub [7] . Otherwise there cannot be a formula depending only on the induced map f* on &+, (M) and the Spin structure w. 
